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Abstract 

For a bounded convex domain in we prove refined Hardy inequalities that 
involve the Hardy potential corresponding to the distance to the boundary of fJ, the 
volume of as well as a finite number of sharp logarithmic corrections. We also discuss 
the best constant of these inequalities. 
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1 Introduction 

For a convex domain 17 C the Hardy inequality 

j |Vu|Pdx > (^^Y j d{x) = dist(x,aO) u G Wl'P{n) (1.1) 

is valid, where the constant 

optimal; cf [MMP], [MS]. Brezis and Marcus [BM] 
have established an improved version of Hl.l() when p = 2: they showed that for bounded 
and convex f2 there holds 

/ \Vu\^dx>\ f ^dx + K—- f u'^dx, u€H}(Q). (1.2) 

The question was asked in that paper as to whether it is possible to replace diam~^(i7) by 
c|0|~^/^, where |ri| denotes the volume of Q. A positive answer was given by M. and T. 
Hoffmann-Ostenhof and Laptev [HHL] , who showed that 

/ \Vu\^dx>] I ^dx + U'^Y I u^dx, uGH^in) (1.3) 
Jn 4 Jq, d^ V|S2|/ Jq 

where where is the volume of the unit ball and k2 = N/A. 
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In connection with this let us notice that when we take as d{x) the distance from a point 
of say the origin, the following improved Hardy inequality was established by Brezis and 
Vazquez [BV] 

\Vu\'dx > {^fl ^dx + ^ u'dx, u e Him- (1.4) 

here ^2 — 5.783 is the first eigenvalue of the Dirichlet Laplacian for the unit disk in R^. This 
constant is optimal when is a ball centered at the origin, independently of the dimension 
> 2, cf [BV], whereas for general Vt this constant is not optimal, cf [FT, Proposition 5.1]. 

An LP -version of ^l.'6\ was recently obtained by Tidblom jT] who showed that for convex 
there holds 

J^\Vu\Pdx>[^^y Jj-^dx + kp[j^)^ l^u^dx, nGT<'P(0) (1.5) 

with 



r(2±i)r(f)' 

For p = 2 this reduces to H1.3|) : in particular k2 = N/A. 

In addition to p.3|) it was shown in [HHL, Theorem 3.4] that if 

X^{t) = {l-\ogt)-\ tG(0,l), (1.7) 

the following more refined improvement of (|1.3|) is true: for any D > diam(ri)/2 there holds 

/ \Vu\''dx>\ I ^dx + ] I ^xUd/D)dx 

+A;2(l-Xi(diam(17)/(2Z)))2 f j^j j^u^dx (1.8) 



for all u £ Hl{n). Note that if we let Z) ^ cxD in ()1.8|) we regain ()1.3|) . 

In our main result we extend both H1.5|) and H1.8() . More precisely, with Xi{t) as in p. 7(1 
we define recursively 

Xfc(t) = Xi(Xfc_i(t)), fc = 2,3,...,t G (0,1). (1.9) 

These are iterated logarithmic functions that vanish at an increasingly low rate at t = 0. 
Let us fix A; > 1 and set 

and 

k 

r^{t)=Y.X,it)...X,it), 

i=l 

whereas for A; = we set r] = 0. For D > diam(0)/2 we also set 

,diam(i7) , 
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Then our main result reads: 

Theorem A Assume that 17 is convex and bounded. Let k > be a fixed integer. Then, 
there exists Dq = DQ{k,p,diam{Q)) > diam(i7)/2 such that for D > Dq there holds 

l\p f \u\P l\p-i ^ f \u\'' 



+k,{l -VD- av'h)^{^) " 1^ \u\Pdx, (1.11) 

for all u e Wo'P{n). When p = 2 we can take as Do the unique solution of rjDo = 1- 

Note that if we let D — > +oo in Hl.ll() we recover (|1.5|) . Also, for p = 2 and A; = 1 we 
recover H1.8() . Moreover, the terms in the series are sharp: it was shown in |BFT1 Theorem 
A] that for each k > 1 the relation 

> cjJ^Xl...Xldx (1.12) 

is not valid for 7 < 2; In addition, the best constant c in (|1.12jl when 7 = 2 is equal to 
i(2^)''"\for anyfc = l,2,.... 

A natural question is whether the constants appearing in H1.5() or (|1.11|) are optimal. Work- 
ing towards this we consider the simplest case (|1.3|) (corresponding to p = 2, /c = 0). Let 
O = i?, be the unit ball in R^, and denote by Cat the best constant of H1.3|) . that is 

Cn= inf ^-^ — ^y^^ . 1.13 

We then show that in this case the constant k2 = ^ appearing in (|1.3jl is far from being 
optimal. In particular we have: 

Theorem B For N = 3, C3 = fi2, whereas for any N > 2 there holds: 

(jV-l)(iV-3) 
Cat > /i2 + ^ , (1-14) 

where ^2 — 5.783 is the best constant of inequality 

It is remarkable that when 17 is a ball and = 3 inequalities (|1.3|) and (|1.4j) have the 
same best constant. For any N > 2 the lower bound H1.14() on Cn improves the estimate 
CN>k2 = f . 

To prove Theorem A we combine a vector field approach (cf [EFT]) along with ideas of 
[HHL] or [T]. It is worth noting that the "mean distance" method of Davies (cf [Dl], [D2]) 
plays an essential role. For Theorem B after restricting to radial functions we use suitable 
change of variables. 



2 Preliminary inequalities 

In this section we will prove some auxiliary one-dimensional inequalities. Throughout this 
section b < is a fixed positive constant. We have the following 
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Lemma 2.1 Let p{t) = min{t, 2h — t}. For any function g £ C ((0, b]) there holds 

(i) / \u'{t)\Pdt> {g'{p{t))-{p-lMpm~}HtWdt-2gib)\u{b)\P, 
Jo Jo 

/•2b r2b „ 

(ii) / \u\t)fdt> {g'{p{t))-{p-l)\g{p{t))-g(b)\ — }\u{t)\Pdt (2.1) 
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for allue C7~(0,26). 

Proof. We first prove (i). For u £ C^(0, 26) we have 

\'{t)\u{tWdt = g{b)\u{bW-p rg{t)\u\Pu'gdt 
Jo 

D . L , rb 



< g{b)\u{bW+p[J^ \urdty{J^\g\^^\u\Pdt) 

< g{b)\u{bW+ t\u'\Pdt + {p-l) f'\g\^^\u\Pdt, 

Jo Jo 



' ^u'{t)\Pdt > f\g'{t) -{p- lMt)\^^}\u{t)\Pdt - g{b)\u{b)\P. 



hence 

/o ■ ■ ■ Jo 
A similar argument on (b, 2b) gives 

l'2b p 

u'{tWdt> / {g'{2b-t)-{p-l)\g{2b-t)\ — ]\u\Pdt-g{b)\u{b)\P 
b Jb 

and (i) follows by adding up the last two inequalities. 

Part (ii) follows immediately from (i) by using the function g{x) — g{b) in the place g{x). 
II 

In order to apply the above lemma we fix a positive integer k and define the functions 

k 

rj{t)=J2Xi{t)...X,{t), 

i=l 
k 

Bit)=J2xfit)...Xfit), tG(0,l), 

i=l 

where the Xj's are given by (|1.9() . It is easy to check that both rj and B are increasing 
functions of t with r/(0+) = B{0^) = and 7?(1^) = B{1^) = k. We also note that 

^r]\t)<B{t)<7]\t), tG(0,l). (2.2) 

For < 6 < ^ii^ < D we define the following functions of s G (0, 6): 

g{s) = -{^y"'''^'"'\'^ - vi^lD) - av\s/D)) (2.3) 



A{s) = g'{s) -{p- l)\g{s) - gib)]"-' - (^) - 1 (^)"'^-Pi?(,/Z)). 
Recall that a is defined in (jLlUj) . We then have the following 



Lemma 2.2 There exists Dq = Do^k, p, (iiam{0,)) > ^"^™(^) ^ such that for all D > Dq 
there holds: 



(ii) 



2D ' ' ' 2D 



p 



s-'PB{s/D)>(j)-lMs)\—\ 



(iii) ^{s) is a decreasing function of s & (0,6). 
For p = 2, (ii) becomes equality. Also, for p = 2, we can take as Dq the unique solution of 

am(fi 

2Ar 



Proof. A straightforward calculation shows that 



d 



B{s/D) Tf{s/D) 



+ 



Setting T{t) = tB'{t) we also have 



^B{s/D) = -ns/D) > 0; 
ds s 



(2.4) 



(2.5) 



the positivity follows from the fact that B[t) is an increasing function of t. 

Since r][t) is an increasing function of t with r/(0) = 0, (i) is immediate. 

We shall henceforth omit the argument s/D from r],B,T in the subsequent formulas. We 
next prove (ii). For p = 2 an easy calculation shows that (ii) becomes equality. For p ^ 2 
the left hand side of (ii) is equal to 



g 



PV 



1 fp — 1 \p-l 



p ~ 

p 



+ ( 



p 



ap 



p-i ^2(p-i)2 p-r' {p-iy (p-1)' 



(2.6) 



On the other hand, taking the Taylor expansion of (1 — t)p~^ about t = 0, we see that the 
right hand side of (ii) is written as (for rj small) 



rp — l\p 



{p - l)s-P(l -r]- ari^)^^ = -J {p - 1) 

,2 



S X 



(2.7) 



pri 



ap 2 , PV 



p-1 p-l' 2{p-lf (p-l)2 6(p-l) 



Comparing H2.6|) and 1)2. 7|) we see that the corresponding right-hand sides agree to order 
0(77^). Recahing (g^l) and the choice of a (cf STini ) we see that the cubic term in (|2.6() 
is larger than the cubic term of (|2.7j) . Hence (ii) is true provided rj is small enough, which 
amounts to Dq being large enough. 

We now prove (iii). Note that (ii) implies that g' is positive in (0, b) if Dq is large enough. 
Hence for s G (0, 6) we have 



A'{s) = g"{s)+p[g{b)-g{s)]^^g'{s)+{^y \p-l)s-P 
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TpS ^ B 

^ 2 



p — 1 



p 

p 



Using Taylor's expansion we have 

p — 1 



\9{s)\ 



P 



— 1 2 ^ 

s (1 — — a?7 



^1 



1 



-7? 



+ 



p-2 



p-1' Ip-l 2{p-l) 



r(p-2)a (p-2)(3-2p) 



Prom (1131), (Il^I), JTHl) and ((221) we obtain 

A'is)<ip-lf{^y-\-^^^{i^,rj^ 



if + 0(??^ 



ap 



From this and the fact that 



k 



6(p-l)3' 



we end up with 



A 



^ '^{6(^-A: + ^(^)}• 



(2.9) 



—.^B + Oiv")} (2.10) 



(2.11) 



To conclude the proof we distinguish various cases: 

(a) 1 < p < 2. Then a = and it follows from ((TTT|) that A'{s) < in (0, 6), provided Dq 
is chosen large enough. 

(b) p = 2. Again a = 0. A straightforward calculation shows that the right hand side 
of (|2.8|) is identically equal to zero. The only restriction here comes from (i), whence the 
choice of Dq- 



(c) p > 2. Now a = 3^p^^^^ and the result follows again from (|2.11j) . 
This completes the proof. 



// 



3 The Hardy inequality 

Throughout the rest of the paper we assume that Q C is convex and set d{x) = 
dist(x, dQ). 

Following |HHLj . for to G and x G we define the following functions with values in 

(0,+oo]: 

Tlu{x) = inf{s > \ X + suj ^ Q,} 
Pui{x) = min{Ti^(x),r_a;(x)} 
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We denote by dS{u!) the standard measure on ^ normalized so that the total measure 
is one. Let Kp > be defined by 

/ \v -ulPdSiuj) = K„\v\P, VwER^. (3.1) 

The constant Kp is computable and with kp as in (|1.6() we have 

kp = {p-l){P-^yK^\ (3.2) 

We have the following 

Lemma 3.1 Assume that is convex. Then for all x G Q. there holds 

pZ^(x)dS(uj) > K„d(x)-P. (3.3) 

Proof. Let y € be such that |y — x| = d{x) and let Py be the supporting hyper-plane 
through y which is orthogonal to y — x. We define the half-sphere 

S+ = {uje S^-^ \uj-{y-x)>0} 

and for lo G 5+ define a^jix) > by requiring that x + ai^{x)uj £ Py, so that 

y — X \y — x\ 
\y-x\ a^{x) 

The convexity of 0, implies that t^^^x) < cri^(x) and hence 

/ -^^dS{u;) > 2 f -^—dS{uj) 
is^-i ^ ^ ~ Js+ tUx)p ^ ' 

> 2 / ^-_dS(u;) 
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\{y - x) ■ u\US{u:) 



dixf 'P Js+ 

Kp 
d{x)P ' 

as required. / / 

We now give the proof of Theorem A. 

Proof of Theorem A. Following |HHLj let us fix a direction uj G and let fij^ be the 

orthogonal projection of Q on the hyper-plane perpendicular to uj. For each z G we 
apply Lemma ITT] on the segment defined by z and lo and we then integrate over z £ ^l^j- 
We conclude that for any u £ (7^(17) there holds 

^ iV^z • io\Pdx > ^g'{pu.{x)) -ip- l)\g{pUx)) - 5(6c.(x))|^| lul^dx, 
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Integrating over u G 5^ ^ and recalling definition we obtain 

-{p-l)\9{pU^))-g{bUx))\^'}dS{u;)\u\Pdx. (3.4) 

Now, let us choose g as in ((2121) • Since Q is bounded Lemma 12.21 implies the existence of a 
Do > such that for D > Dq, each of the functions 



V 



g\s)-{p-l) g{s)-g{bUx)) 



2 V p 

- defined for s £ {0,b^{x)) - is a decreasing function of s G (0,6a; (2;))- In particular 
Auj,x{Pujix)) > A^^^{b^{x)), i.e. 



g'iPLoix)) -{p-1) g{puj{x)) - g{b^{x)) 



p 



> 



p — l\p 



pM) ^ + 



1 fP — i\p-i 



2V p 



pUxyB{pUx)/D)+A^,Mx)). 



Hence (|3.4() yields 



iVul^dx > Kp^ 



^ \ (^) V(x)-^ + I {^y~\M)-'BipUx)/D) 



+9'{bUx)) 



2V p 



p — l\p 



p 



buj{xy 



'li^y 'Uxy''BibUx)/D) \dSiu;)\u\Pdx. 



(3.5) 



We first estimate the first two terms of (|3.5p . For each x G and uj G S"^ ^ there holds 
B{p^{x)/D) > B{d{x)/D), and Lemma ITTI yields 



p^ixyP + U^^Y'^ p^{x)-PB{p^{x)/D)\dS{u:) 



SN- 



> 



P 

(^P^Ydix)-^ + ^(^)'"'d(x)-^^i3(d(x)/D), 



1 /p — 1n^p-i 

2 V~ 

1 /P — 1 N^P-l 

for all X G il. The remaining three terms in the right-hand side of 1)3. 5p are estimated using 
Lemma 12. 2r ii) 



p 



(3.6) 



g'Mx)) 



p — l\p 



p 



bu{xy 



1 fP — i\p-i 



2 V p 



b^{x)-PB{b^{x)/D) 



> {p-iMbMW 
rp — i\p 



= (^)''(p-l)(l-r?B-ar/|,)^6,,(x)-f. 

Combining this with 1)3. 5|) and (|3.6j) and recalling 1)3. 2 j) we obtain 

p— l\p f \u\P l\p-i 
-dx + 



Jn ^ p ^ Jn 



2 V p 



dP 



■B{d/D) + (3.7) 



+ ^p^(l-^r>-ar/|))f- 



nJs^'^ buj{x)i 



-dS(uj)\u\Pdx. 
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We estimate the last integral using a variation of an argument of |HHLj . Elementary analysis 
shows that minf>o(l + t^)/{l + 1)^ = 2~(^~-'^) and therefore for x G 

p N 



that is 



1 / /■ \ ^P/'^ 

dS{u) >U^^ TUx)^dS{uj)] . (3.8) 

The convexity of J7 implies J^n-i t^{x)^ dS{u!) = Hence the proof is concluded by 
combining (|3.7|) and (|3.8p . // 

Remark We note that inequality ()3.4p can be used to obtain Hardy type inequalities for 
non convex domains as in [HHL], [T]. 



sN-i buj{x)P 



4 On the best constant for p = 2 



In this section we will prove Theorem B. We recall that Cn is the best constant of inequality 
H1.3p . in case is a ball, defined by: 

Cn= inf ^-^ \ of ■ 4.1 

We first establish 



Lemma 4.1 The infimum in i4.1[ ) remains the same if it is taken over all radially sym- 
metric functions u = u{r) G Hq{B). 

Proof: We may assume that is the unit ball. Let us denote by Cat the infimum over radial 
functions. Clearly Cn > Cn- Suppose now that u G Hq{B) and let 

oo 

u{x) = uo{r) + ^ fm{cr)um{r), r = \x\, 

m=l 

be its decomposition into spherical harmonics; here Um are radially symmetric functions 
in Hq{B) and fm are orthonormal in L^(5^~^) eigenfunctions of the Laplace-Beltrami 
operator on {\x\ = 1}, with corresponding eigenvalues Cm = m{N — 2 + m), m > 1. It is 
easily seen that 

/ \Vu\^dx= I (|VnoPdx+y / {\Vum\^ + P^uL)dx, (4.2) 

Jb Jb n^l-'B \A 
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and hence 



°° /■ c 1 



^ oo ^ 

> Cat uq + Cn / 



= Cat / li dx. 

This imphes C]\f > and the Lemma is proved. / / 

Proof of Theorem B: By the previous Lemma we restrict attention to radially symmetric 
functions. Let u = u{r) G C^{B) be a radial function and define v by 

u{r) = r~^^ {I - r)^/'^v{r), rG(0, 1). 
Then f (0) = v{l) = 0. We compute 



NaN Jb Jo 



{l-r)[-- z + v'] dr 

^ 2r 2(1 -r) / 



Using integration by parts for the terms involving vv' = (t>^)'/2 we conclude after some 
simple calculations that 

' ( f \Vu?dx-\! idx\ = ^\l-r)ivrdr+^J^^^^^n-^v^dr 



Nun \Jb 4: Jb d'^ J Jo 4 Jo 

> _ r)iv'fdr + ^^~ ~ - ^ydr. 

But (cf [BV, Section 4]) 

i;{0)=i){i)=0 /(|(l-r)7;2(ir v{o)=v{i)=o rv^dr 

and estimate (jl.l4j) of Theorem B follows. 

To prove that C3 = let us define 

n,(r) = r"^(l - r)^^'w{l - r), r G (0, 1), 

where e > and li'(lxl) is the first eigenfunction of the Dirichlet Laplacian for the unit disk 
m R2. Then 

<ir) = -r-\l - r)l+<^ + + ^)t^ + 

I r 1 1 — r J 

and hence £ Hq{B) and 

\<?r-''dr = J\l - rr^^ { ^ + + ^fj:^ + (-0^ 

w'^ 2ww' (l + 2e)ww'] , , , ,^ 

+(l + 2e)— -H h- } dr (where w = w(l - r)) 

r(l — r) r I — r I 
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To handle the terms containing ww' we integrate by parts: the boundary terms are equal 
to zero and making the change of variables s = 1 — r we eventually obtain 

Now, there holds 



[ s'^'^'^'w'^ds — >0, as e ^ 0, 
Jo 



hence 



hm ^ = hm ^ — 

Jq w'^s ds 

It follows that C3 < fi2 7 in view of ()1.14() and Lemma l4.1l we conclude that C3 = /U2. 
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